On Nonlinear Parabolic Equation in Nondivergent Form 
with Implicit Degeneration and Embedding Theorems 

Kamal N. Soltanov and Mahmud A. Ahmadov 

Abstract. The mixed problem for the implicit degenerating nonlinear para- 
bolic equation is considered, and the solvability and behavior of solutions of 
this problem are studied. Furthermore, some classes of function spaces and 
their relations with Sobolev spaces are investigated, embedding and compact- 
ness theorems for these spaces are proved 



1. Introduction 

Consider the following problem 

(1.1) ^-\ u \PAu + b \ur +1 =h(t,x), (t,x)eQ T = (0,T)xn, 
at 

(1.2) u(0,x) = 0, xencR n , n>l, 

(1.3) u(t,x)\ T =Q, r ee [0,T] x T > 0, 

Here CI is a bounded domain with sufficiently smooth boundary <9f2 (for example, 

n 2 

dQ e C 1 ), A ee J2-§^z is a Laplacian, p > 0, fi > 0, bo G R 1 are some numbers, 

h (t, x) is a certain function. 

The equation (jl.ip describes the behavior of a flow on a boundary layer (see, 
[141 1231 [8]) and is also called Prandtl-von Mises type equation. The solvability of 
such type of equations and the behavior of their solutions are considered in many 
works (for example, [3[l2l[l6l[lll[l8l[22l[23l[24l[25]and references therein). 
In one-dimensional case, the existence of solution of the considered equation, and 
functional spaces where the solution belongs to are obtained in |16|, 120] (see also 
references in |18j). 

The main point of this work is considering the problem (|l.ip - (jl.3l) in n- 
dimensional case without additional conditions. Namely, the existence theorem is 
proved; spaces generated by the considered problem, their properties (particularly, 
some smoothness results of solutions are obtained as corrolaries of proved embed- 
ding theorems) and the behavior of solution are studied. 

2000 Mathematics Subject Classification. Primary 35K55, 35K65, 35G30; Secondary 46E40, 
46.20, 46T99. 

Key words and phrases. Nonlinear parabolic equation, implicit degenerating, nonlinear func- 
tional spaces, embedding theorems. 



2 



KAMAL N. SOLTANOV AND MAHMUD A. AHMADOV 



Boundary value problems often lead to study of functional spaces related to 
the considered problems directly. More precisely, mentioned spaces are domains of 
operators generated by boundary value problems. For instance, we can say that the 
Sobolev spaces and their different generalizations appear while studying boundary 
value problems for the linear differential equations. 

Unlike linear boundary value problems, in nonlinear cases sets generated by 
problems, i.e. the domains of the corresponding operators, roughly speaking, are 
subsets of linear spaces, but not possessing the linear structure. Therefore, in the 
beginning we would be concentrated on investigation of these infinity dimensional 
manifolds. 

2. Existence Theorem 

Define the following function space: 

(2.1) P hp , q (Q T ) = W\ (0, T; L q (fi)) n L p (o, T; S A , P ,2 (fi)) , 

where p,q > 1, p > are some numbers, W q (0, T; L q (fi)) is a vector Sobolev space, 
and for functions u : fl — > R 1 



(2.2) 

Sa, p ,2 (O)E^eli (O) 



and for functions u : Qt 




Au\ dx < +oo, u (x) 



(2.3) 



u {t,%) | [o,T]xan =0} 



Our main result on solvability of the problem - (|1.3p is 

Theorem 1. Let p > , min {0, |-l}</i<p<2or|-l</i<p and 

b Q G R 1 . Then, for any h G L 2 (o, T; W\ \ the problem fXI]) - is solvable 

in P (Q) = Pi. p .q {Qt) n {w (t,x) \ u (0, x) = 0}, where p = p + 2, q = p= 

The proof is based on a general result (Theorem [3]) that is given below. 
Let X and V be Banach spaces with duals X* and Y* respectively, Y is a 
reflexive Banach space, TWo C I be a weakly complete "reflexive" pn-space (see, 
Appendix A or [S3, S5]), Xq C Ma tlY is a separable vector topological space such 



that Aq 



•A4 



Mo, X =Y and 



i) / : Pi.p.q (0, T; Mo, Y) — > L q (0, T; Y) is a weakly compact (weakly continu- 
ous) mapping, where 

P hM (0, T; Mo, Y) = L p (0, T; A^ ) n W, 1 (0, T; F) n {x (t) | x (0) = 0} , 

1 < max{q, < p < oo, g' = rz^; 
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(«) there is a linear continuous operator L : W^ (0,T;X o ) -> W* Q (0,T;Y*), 
s > 0, po > 1 such that L commutes with and the conjugate operator L* has 
ker(L*) = {0}; 

(mj there exist a continuous function y> : U {0} — > R\_ U {0} and numbers 
r > and ri > such that ip(r) is not decreasing for r > r , ip (ri) > and for 
any x £ L p (0, T; Xo) operators / and L satisfy the inequality 

T 

(f(t,x(t)),Lx(t))dt> if([x} Lp(Mo) ) [x] Lp{Mo )\ 



(raj there exist a linear bounded operator L$ : Xq — > y and constants Co > 0, 
Ci, C2 > 0, f > 1 such that the inequalities 



<£(t),J*(i))dt > Co ||Lo€||^ (0iT . v) - C : 



2) 



( — ,Lx(t))cIt > C 1 \\L xf Y (t)-C 2 , a.e.i6[0,T] 



hold for arbitrary x e Wp 1 (0, T; X ) and (eL p (0, T; X ). 

Theorem 2. Assume that conditions (i) - (iv) are fulfiled. Then, for any 
yeGCL q (0,T;Y),G= U G r 



G r = {yeL q (0,T;Y) 



r>Ti 

T T 

\{y(t),Lx(t)}\ dt< f(f(t,x(t)),Lx(t))dt -c, 





for all x e L p (0, T; X ) , [a;] ip( o, T ;A4o) " r } ' Cs < c < 00 
ifte Cauchy problem 
dx 

(2.4) —+f( t ,x(t)) = y(t), yeL q (0,T;Y); x (0) = 

is solvable in Pi, Pl q (0,T;.Mo,y) ^ ^ e following sense 

T T 

(^+f(t,x(t)),y*(t)\dt = J (y(t),y*(t))dt, Vy* ei„(0,T;y*). 
u ' 

The proof of this result is presented in Appendix C (one can also refer to proofs 
of similar theorems in [181 [20 ]). The next proposition follows immediately from 
the last theorem. 

Corollary 1. Under assumptions of Theorem\^the problem \2.1$ is solvable 



in Pi,p, 9 (0, T; A4q, Y) for any y G L q (0,T;Y) satisfying the condition: there is 
r > such that the inequality 



\y\\ Lq (Q,T;Y) < <P {[x]l p (Q,T;Mo)) 
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holds for any x € L p (0,T; Xq) with [%]l p (m ) ~ r - Furthermore, if tp(r) oo 
as t / oo then the problem \2.J$ i 

L q (0, T; Y) satisfying the inequality 



os t / oo then the problem \2.J$ is solvable in Pl,p,g (0,T; Mq,Y) for any y 6 



1 



sup ■ 



I x \l p (0,T;M ) 



(y (t) , Lx (t)) dt | xe L p (0, T; X ) > < oo. 



3. Embedding Theorems on pn-Spaces 

In this section we introduce and investigate properties of a class of nonlinear 
function spaces (pn-spaces) that are connected to the considered problem directly. 
These spaces are necessary in application of Theorem [5] (and Corollary [IJ to the 
considered problem. 

Consider the following function spaces (class of functions u : CI — > R) 



(3.1) Sl, a ,p (Ct) = {U G il (0) 



(3.2) S A , a ,£ (0)= (fi) 



|d Q IV//.. 



dx < oo, 



• /" |ur|Au|^dx< oo, I 
a J 



where a > 0, ^ > —1, (3,/3 1 > 1 and «i + /?! = a + /3. Here and hereafter we 
assume j3 > 1. Further, we consider the case %>— l,/3>l,a>/3 — l,as well. 
Also, consider the following spaces of functions u : Qt — > R 1 



(3.3) L p (0,T;5 w (O))= {u€Li(Cl) 



} P L( Sl ) = J Hsi dt < °°> J » 



P p 0)P1 (0, T; S AiQi/J (fi) ; X) = Wl (0, T; X) n L Pl (0, T; S A ,«,0 (fi)) : 



(3.4) 

where p,po,pi,(3 > 1, a > and X is a Banach space. Particularly, X can be 
choosen in such a way that L po (Cl) C X for some po > 1. 

The space L Pl (0, T; 5 A ,a„9 (O)) is defined as L p (0, T; Si,^ (fi)) by using ([372]) 
instead of (|3. 1|) . 

The equivalency 

■M„,^i(n) = {« e Li(fi) 77 (u) e Wj (Cl) , »j(u) = |u|*u} = Si, a ,^ (fi) 

that express relations between Wp (Cl) and Si. a ,p (Cl) follows immediately from 

(I3.1[) . Indeed, it is enough to note that n (u) = \u\^ u = v <^==> u = \v\ a +P v = 
r/- 1 (v). 

Taking the last equivalency and definition 
account we get 



of the space SA,a,p (CI) into 



(3.5) 



\u\? Aue L 



(O), } 



In our next step we are going to express the relations between the second order 
Sobolev spaces and Sa, a, p (Cl) . To this end we use a few auxilary results. 
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The following equality will be used in our discussion. Let's put n (u) = \u\^ u = 
v. Then 

Ade(Ao 77) (u) ee Ai] (u) ee A (\u\? uj = V ■ (^ —jf- \ u \* Vu ) = 



(3.6) = ^ \u\f An + -2 u | Vu |2 



— M' A " + — 

Proposition 1. Let a > > /3 > 0, f3 > 1 be some numbers, f3 + f3 > 2 

and 11 C R n , n > 1, &e a bounded domain with sufficiently smooth boundary <9f2. 
TTien the inequality 
(3-7) 

y M"|V?/ 0+ ^d2; < c(s)J2 J \u\ a+fia \Dfuf dx + e lK (/3 - /3 ) J \u\ a+0o+P dx 

holds for any u e C 2 (Q) fl Cq (O), where e > 0, ei = e\ (e) are some numbers, 
K (s) = 1 if s > 0, and k(s) — if s = 0. 

Proof. We have 



y \u\ a \Vuf 0+p dx<c^2j \u\ a \Di 

-ci£ \u\ a u\D t uf 0+ ^ 2 D]udx< 



n 



i=i 

Rewriting the expression under the integral in the following form 



(| tt |-^-« W „) W |An|^°" 2 ) (lul 2 ^ A 2 «) if P > Po 



or 



(\u\W u\D iU \ 2 ^- 2 ) (\u\* Djuj i{[3 = /3 
and applying Young's inequality with exponents 



or 



we get 



n ,. 

n „ 

c(e)^ / H a+ ^|D?«|^da;< 



or 



emtf-Po) J \u\ a+f3 ° +fj dx + e 2 J \u\ a \Vuf o+0 dx+ 
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(3.8) c 4 (£i,e 2 )^y \u\ a+P ° \D 2 uf dx 



The second term in (13.8[) is obtained by using the equivalency 

(3.9) J \u\ a \Diu\ Po+p dx< J \u\ a \Vuf 0+P dx<nj \u\ a ^ \D z uf 0+f) dx. 

Note that the first term of (I3.8[) vanishes if /3 = /3 . Obtained inequalities prove 
the statement of the proposition. □ 

Remark 1. It is not difficult to see that if a + (3 + (3 > 1, j3 > 0, f}± > 1 i/ien 
(3.10) 

q n an 

and i/ 1 < «o + /3 < ct\ + f3 x , 1 < /3 < /3 1} ao/^ > cki/3 i/ien 

(3.11) / |u| Q ° |Vu|^° dx<cj \u\ ai \\7uf 1 dx + cj 

O Q 

ZioZd /or any mgCq 1 (17), where 

c = c (a, /3 , /3, mes fi) > 0, ci = ci (ao> /?o> a i> mes ^) — 0> 
Moreover, if + f3 = ct\ + f3 x then c\ = 0. 

PROPOSITION 2. Le£ a > -1, ^ > 1 6e some numbers, a + (3 > 2 and il <Z R n 7 
n > 1, 6e a bounded domain with sufficiently smooth boundary <9fi. TTien fte 
inequality 

(3.12) /" |u| a+/3 da; < c y |u| a | Au| /3 dx. 

si n 

ZioWs /or any u G mes f2) > 0. 

PROOF. Rewriting a + /3 as a + (3 - 2 + 2 = a + /3 a + /3 1 with /3 = {3 - 2 and 
/3 X = 2 and applying the first one of inequalities (2.10) we get 

(3.13) J \u\ a+P dx^J \u\ a+ ^- 2)+2 dx < cj \u\ a+fi - 2 |Vn| 2 dx. 
n n n 

The right hand side of the last inequality is estimating as 

J \u\ a+f) - 2 \Vu\ 2 dx = a + 1 /3 _ 1 J V (\u\ a+f} - 2 u) ■ Vudx = 



+ l — - J \u\ a+p - 2 uAudx < c J {u^- 1 \Au\ dx 
i\ a+0 ~ l -f | u |f \Au\dx 
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Now, applying the Young's inequality with exponents ^rry^ and arbitrary 
e > gives 



(3.14) 



<c(e) J \u\ a \Aufdx + eJ \u\ a+fi dx. 



The inequality (|3.12l) follows from f|3 . 13[) taking f|3 . 14[) into considiration and 
making e sufficiently small. □ 

The following result is a special case of the main inequality (|3.22[P 1 

Lemma 1. Let a > —1, (3 > be some numbers, fl C R n , n > 2, be a 

bounded domain with sufficiently smooth boundary dtt. Then the inequality 



(3.15) 



J \u\ a \Vu\ 2IS dx< Cl J \u\ a+l3 | Auf dx + c 2 J 



u\ a+W dx. 



holds for any u £ C 2 (ft) fl Cg (fi) , where c = c (a, (3) > 0. 

Proof, [fine proof of the inequality p.!5|) is based on the boundedness in the 
Lebesque space L p (Q) of the local Hardy-Littlwood maximal function 



1 



MqW (x) = sup — 

0<r<dist{x,dn) \ a r \Xj 



\B r {x)\ = fx{B r (x)) 



w (y)dy; 



Br(x) 
7T7 



r(f + i) 



when 1 < p < +oo (see |15j ). the local spherical maximal function 

(A r w) (x) = sup / w(x + ry) dS(y); S r {x) — dB r (x) 

Q<r<dist(x,dQ) J 

Si(0) 

when p > r^j, n > 2 (see |15j ). and on L. p (il)— convergency of averages of a 
function to the function itself 



(3.16) 



lim 

r\0 



1 



\B r (x) 



w{y) dy — w(x) 



dx = 



B r (x) 

Let's put w{x) ee \u(x)\ p |Vu(x)| 2 for a function u E C 2 (CI) n Cq 1 (IT). Then, 
under the conditions of Propositon[T]and boundedness of the local Hardy-Littlwood 
maximal function, for p = % we have 



(3.17) 



o y B r (x) J n 





VuT ) dec 



For n = 1 the similar results to results of this section was proved in the earlier works (see, 
for example, [SI, S5]). Therefore, it is enough to consider just dimension n > 2. 

2 It should be noted that this approach of the proof is suggested by the second author. 
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Moreover, it is obvious that 



_J_ / \u\ p u^dS(y) 



S T (X) 



\Bt (0)| r" 



\u(x + rr/)\ p u(x + rrf) (Vii (x + rrf) ■ v)r r n 1 dS (77) , 



Si(0) 



Therefore, from the boundedness of a local spherical maximal function, we have 



\Si (0)| 



\u(x + rr])\ p u(x + rrf) (Vu (x + rrf) ■ v) ds (rf) 



Si(0) 



dx < 



(3.18) 



c/( W ,)riv.Mi)V 



where the positive constant c does not dependent on the function u (x) . 
According to p. 61) we have 

V • ( \u\ p uVu) = \u\ p Au+(p+ 1) \u\ p \Vu\ 2 

Taking the integral of both sides of this equality on B r (x), for x 6 fl, and < r < 
dist (x, dQ) we recieve 

P + l 



\B r (X) 



J \u\ p \Vu\ 2 dy 



B r (x) 



B T (x) 



B r (x) 



or 



\B-jxj\ I v - {HuVu)dy ~W(xT\ J \< uAud y 
W{xj\ J |u|P |Vw|2dy 



B r {x) 



(3.19) 



1 



1 



(p + 1) |B r (a;) 



Br(it) S r (a:) 

Using p,19p . the left part of (|3.15j) is estimated in the following way 



J [M'lVt 



dx < c 



M P |Vw| 2 



1 



|w| p |Vw| 2 



B,(x) 



(3.20) 



I- 



1^ / \u\ p \Vu\ 2 dy 



Br (it) 



dm = 7i(r) + J 2 (r) 
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According to (|3.16p we have lim Ii(r) = 0. Therefore, it is enough to show that 

r— >0 

h{r) is estimated uniformly with respect to the r.Taking (|3.17j) . (|3. 18[) and (|3.19j) 
into consideration in I%{r) we get 

a 

1 



h{r)=c 



\B r (x)\ 



«r V«f dy 



,(x) 



l-B r (a:)| 



|u| p uAudy 



B r (x) 



\B r (x)\ 



\u\ p u^ dS(y) 



Cl 



|S r (x)| 



uAudy 



B r (x) 



dx + ci 



S r {x) 
1 



\Br(x)\ 



\u\ p up dS(y) 
ov 



S r (x) 



dx < 



ci I \\u\ p uAuf dx + ci / \\u\ p uS/uf dx < 



ci J \\u\ p ' uAu\ dx + e 
a a 



\u\ p \\7u\ 2 dx + c 2 (e) J \u\ ip+2)f) dx. 

n 

Consequently 

(3.21) J a (r) < cij \u\ a+p \Auf dx + ej \u\ a \Vu\ 2p dx + c 2 (e) / \u\ a+2p dx. 

an n 
where ci,C2 are positive quantities not dependend on r. Choosing sufficiently 
small e > 0, such that e < 1, then substituting the right side of (|3.2ip into (I3.20P 
and passing to the limit by r \ in the obtained inequality we get the desired 
inequality (|3.15[) . □ 

Proposition [5] and Lemma Q] imply 

Corollary 2. Under the conditions of Lemma\]\the inequality 

(3.22) J \u\ a \Vu\ 20 dx<cj \u\ a+p \Auf dx 
n n 

holds with c = c (a, (3) that is not dependent on u. 

Our next goal is considering relations between the spaces Wi (Cl) and .5a, a , p (Cl) 
We start with definition of the second order Sobolev space: 

Wj (Cl) = {ueLi (Cl) | «, Diu, DiDjU e L p (Cl) , i,j = T~^} . 

It is well known ([4]) that 

Wj(Ci) = {u e Li (Cl) \u,D 2 ue Lp(Cl), i = T^,}. 
Moreover, for sufficiently smooth domains ([U S])- 



Wj (Cl) n W\ (Cl) = {u | Au G Lp (Cl) , u \ dn = } 
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We also define the following class of functions 



(3.23) 



M 



Aori.Lp(n) = \u A o 77 (u) e Lp (ft) , rj(u) = \u\ 8 u } . 
Now, we are ready to compare spaces denned in (I3.5[) and (13.231) 

Lemma 2. Let a > 0, a 1 > —1, f3 1 >f3>^->l, 0> be some numbers, 
a + {3 = cti + /3 1? fif Pi — 2/3 then a > f3 — 1) and f2 C ffl 1 , n > 1, be a bounded 
domain with sufficiently smooth boundary dCl. Then, the following inclusion 



SA, a ,p (ft) = SA,a,p (ft) n {u I u\on = 0} c M Aon,L fi (o) n {u I tt |an =0} 
takes place. 



Proof. Let u £ £>A,a,p (ft) be an arbitrary function. Then, according to 
(13.231) i] 1 (u) = \u(x)\*i u (x) £ W I (ft) as far as tt |an =0 <s=^- j/^ (it) |an =0, 



and 



Am G Lp (Q). Moreover, if oli > then u |ao = 



?7i (") \dn = . 



Under the conditions of Lemma, according to p.22j) and p. lip , the inequality 



Vuf 1 dx < c 



riAufdx 



takes place with c—c(a, f3, ai, f3 x ) that is not dependent on u. 
Taking this and Corollary [5] into account we conclude 

(3.24) °S A ^p (ft) ee {u (x) | \u\f Au £ Lp (ft) } n {u \ u \ dQ = 0} , 

On the other hand, the definition (|3.23p implies that u £ M-Aori,Lf,(n) is equiv- 
alent to Av = A-q (u) £ Lp (fi). Indeed, using p.6p and estimating (O) of Av 
we get 




|u|? Au+ ^ 2 u |Vu| 2 



dx < 



Au 



dec 



kit" 1 |Vm| 2 



Taking the inequality (I3.22[) and the equivalence p. 241) into account we obtain 
o 

Sa :O ,0 (ft) C MA 0?) ,i 3 (f2) n {u | zt |an =0} 



□ 



Corollary 3. Under the conditions of Lemma\^the implication 

u 6 5a,«,/3 (ft) « = v («) e W|(ft) n W £ (ft) 

PROOF. If ?j (:c) ee 77 («) ee \u (x)\% u (x) then Vw (x) = f ^ + lj |u (x)|^ V« (x) 
and (|3.6p takes place for Aw. 

o 

According to mentioned above, the inclusion v = rj (u) £ Wj (ft) n Wp (ft) is 
equivalent to Atj = A o n(u) £ Lp (fi), as far as u |an = <e=> ry (u) |an = 
(moreover, if a > then « |an =0 =>■ j^?7 (it) |an = 0). This implies that 
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77 (u) 6 Wg (tynWp (O) is equivalent to u e MAo V ,L p (n)^{u | n |an =0} Therefore, 
taking the lemma into account we conclude the desired implication. □ 

Notation 1. If parameters a,a± > 0, B, f3i,p,po,Pi > 1 satisfy certain condi- 
tions some relations between spaces Sa,o.p Si t0llt p 1 (ft), L p (fi), P Po , Pl (0, T; X; Sa,u.p (&))> 
L p (0, T; Si ! a lt p 1 (fi)) can be obtained according to their definitions. More precise 
inclusion and compactness results for them can be proved on the way that is similar 
to our earlier works \17\ \18\ \19\ I20j . Here, we are presenting some of such type 
of results. 

Theorem 3. Let a,ai > 0, 8 > -^,8-, > 1 be such numbers that ai ^1 1 > 

, 

BB 1 and a(3 1 > ot\B, a > 8 — 1 Then Sa,o,p (fi) C Si }0l ,p 1 (fi)- 
The proof follows from the inequality 



/ H -|v.|'.* fi c(.)/wi^*. 




where s = s (a,a\, [3, B^ < a + B, that can be derived by using the inequalities 
(j3~TUl) . (j3~TTj) . (j335|) and (j3~22l (for details refer to [181[T9] l 

Remark 2. 7Vo£e that it is not difficult to verify that if > 1, /? > /?i and 

^n^p* 1 ^ — P> n > @i then the following inclusions 

Sl,a,ff (fi) Q Si^ ai ^ 1 (fi) C L p (fi) , SA,a,/3 (fi) Q Sa,o 11 ,P 1 (fi) 

tofce place. Moreover, arguments similar to those that express relations between 

the considered and Sobolev spaces show that the inclusion <Si,a„s (fi) C L p (fi) and 
o 

consequently, Sa a p (fi) C £ p (fi) are compact (for detail one can refer to |18L 1191 



Corollary 4. Assume that the conditions of Theorem^ are fulfilled. Then, 
the following inclusions 

P P0 , P1 (0, T; S A ,«,p (O) ; X) C P ?Qi?1 (u, T; S A , aiA (17) ; X) , 

P PQ , P1 (0, T; 5 A ,a,/3 (fi) ;X)CL P (0, T; 5 1>ai ,^ (fi)) , 

ZioZd if X C. X, and po > po > l,pi > P\ > 1, pi > p > 1, 

Remark 3. //a > 7 ^ > — 1, -/^ = 8 > -^j such numbers that a + 8 = 
ct\ + 8-y, a > 8 — 1, then 

S A ,a,p(fy |«(ar)| tj(«) = |u|" it GW|(n) 

i.e. 

U e £>A,a,P (fl) =*• V = ?y (u) = M p u e Wf (fi) => 

u = rr 1 («) = |f p^ 1 » e Sa, q ,/j (0) 

under the conditions (see, |13j and aZso |18),ll9j ) iftai a// operations make a seinse. 
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Furthermore, note that Si l<Xt p (fi) and Sj\ l0t ,/3 (f2) are metric spaces ( \18\ \19\ 
) with the corresponding metrics of the form: 

(p+i)- 1 a 



rf sW(n) (u;v) = \\r](u) -r?( u )ll^(n) » »7 ( T ) = l r l P T > P = ^> Q > °> Z 3 > 

^,,(0) («;«) = IK («) - % (^)ll^(n) 1 + IN" Aw - l«l P AvIlglS)" 1 , 
where p 1 = f] 1 (r) = \t\ Pi t, and a± + /3 1 — a + j3 (see 112.1]) ). 

o 

Moreover, it is not difficult to see that the metrics of spaces Si, a ,f) (^) an d 

o 

SA,a.j3 (fi) have the form: 

d («;«) = ||||«r V« - |«|" Vt/IH^g" 1 ; 

do (u-,v) = \\\u\ p Au-\v\ p Avll^; 1 

corresponderii/i/. 

Based on Theorem [3l Corollary [4] and Embedding Theorems for the Sobolev 
spaces we prove the following: 

THEOREM 4. Let o,Oi > 0, /3 > ^j, f) x > 1 be such numbers that (3 1 < -^s, 

f3 < n , cti -\- f3 x < n ^-p an d a Pi ^ a ifii a > (3 — 1. Then, the inclusion 

o o 

SA,a,P (fi) C Si t a lt ^ 1 (0) 

is compact. 



PROOF. Since u e Sa,o,p (^) , we have n (u) = v G W| (0) n Wi (fi) and u G 

(fi) r?! («) = « G W x Pi (Q) {Vi (u) = \u\ Pl u, Pl = ft). Moreover, 

as far as W| (fi) C M 7 " ^ (fi) is compact for /3 X < ^-g, we get the compactness 

o o 
of the inclusion r\ (G) C Wj) (fi) for any bounded subset G from 5a,q,/3 (fi)- This 

implies the desired statement □ 

o o 

Corollary 5. If0<p<2, then S A , P ,2 (fi) c W£ (fi), p = p + 2. 

Mentioned above and known results f |10l llll 1181 119j ) allow us to prove the 
the compact embeddings for the following vector spaces: L p (0, T; S\, ax ,p 1 (fi)), 
Pi.po.P! (0, T; Sa,cx,P (0) ; -X")- We need the following 

Lemma 3. Le£ 0,0:1,0:2 > 0, f3,f3 1 ,/3 2 > 1, 2/3 > /3 > 1 6e smc/i numbers that 
a + (3 — oi + = a 2 + P 2 > Pi < P < Pi, 1 < /?i < < /?2- r /ien, /or any e > 
there exists c (e) > suc/i £/ia£ i/ie inequality 

/10/ds. 

The proof is obvious. 



NONLINEAR DEGENERATING PARABOLIC EQUATION & EMBEDDING THEOREMS 13 

Lemma 4. Let a,ai > 0, ft,ft ,p > 1, > ft > -^r be such numbers that 

A) < ^~p> ft < n : a o + fto < n ^-P an d a Pv > a oft, a > ft — 1, p < a + ft. Then, 
for any e > there exists c (e) > such that the inequality 

The proof is similar to the proof of the same type results from [6j 1101 1181 119] 

and is based on the compactness of the inclusion SA,a 2 ,/3 2 (Q) C Si iCC1iI 3 1 (f2) C 
L P (Q). 

These lemmas allow us to get the following compactness 

Theorem 5. Let Si t0lli p 1 (fl) , SA,a,p and X be spaces defined above and 
Sa,u,p(^) C Si <ait p (51) is compact. Let ot\ > 0, ft, ft 1 ,p,po,p\ > 1 be such 
numbers that a + ft = p = p\, aft 1 > otxft, ft > r^r, ct, > ft—1. Then, the inclusion 
Pi,po,pi (0, T \ S&,a,p (H) ; X) C L p (0, T; Si tUu p 1 (O)) is compact. 

The proof is similar to the proof of the same type of results from [10L 1171 1181 
1191 120) . Therefore, we are not providing it here. The other compactness theorems 
similar to Theorem 2] and Lemma [3] can also be proved , but we are not presenting 
them here, as well. However, if it would be neccessary, we are going to use those the- 
orems for the spaces Pi, POtPl ^0, T; £A,a,/3 (fi) j x\, L p ^0, T; Si i<Xu p 1 (f2)^ under 

the corresponding conditions on parameters a,a\, ft,fti, P,Po,Pi and refer reader 
to our earlier works [TTJ [18], HH [20] for further details. 

4. The Proof of the Solvability Theorem 

Now we can lead the proof by using Theorem [5] (Corollary [1]), and in order to 
apply it we introduce the following spaces and mappings: 

Mo = Sa. p .2 («) , X = Wl (O) n (fi) , Y = L q (O) , X = L p (fi) , 
f(u) = -\u\ p Au + b \u\^ + \ L = -A, L = V, Y* = L p (Q), P = P + 2 

Pi, M (0, T; Mo, Y) = P 1>M (o, T; S A , P , 2 (SI) ; L q (fi)) (1 L°° (o, T; ^ (fi) 
where 

Pi lM (o, T; <? A , p , 2 (fi) ; L g (fl)) = L p (fl, T; S A , P , 2 (O)) D (0, T; L 9 (O)) . 

It not is difficult to see that 

(f{u),Lu) = (-\u\ p Au + b \uf +1 = J \u\ p (Auf dx+ J b \uf +1 Audx 

n 

for any u G W p 2 (0) n W l p (Q) and u£L p ( 0, T; W p 2 (0) n (H) 
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Taking into account the embedding theorems from Section 3, the last equality 
implies that, if min {0, ^ — l} </U<p<2or^ — 1 < M < P an d b G R 1 then 

T T 

J (f (u) , Lu) dt > (1 - e) J J \u\ p (Am) 2 dxdt - a (e) = 
o 

(1 - e) [ [u] p+2 dt - Cl (e) = <p[ [u] 



U\ /o 

where Co > 0, Ci,e > 0, and e is a sufficiently small nonncgative number. 

t 

Furthermore, it is obvious that J (^,Lu)dr = \ |||Vu(i)||| L for any u G 

o 2 

T 

W i(0,T;X o ) and almost any t G (0,T]. Moreover, / (w,Lw)dr = \\ \Vw\ f L , Q) 



o 



for any w G L p (0, T; X ), where w = G L p (0, T; X ). 

Using the generalized coercivity of pair / and — A on L p ^0, T; Vl^ 2 (fi) n VKp (O) J I 

W^ 1 (0, T; L 9 (fi)) the following apriori estimations for a solution u (t, x) of consid- 
ered problem are obtained in a common way: 



^ A ^ < C (M, 11^11^(^(0)) ,p,/i) , P = P + 2, g = j/ 



and 

ll u IUi(L 9 )nL«(w 2 1 ) ^ c (l 5 o|,||/i|| L2 (vi/ 2 i(n)) .P»mJ 

Thus, each possible solution u (i, x) of the considered problem belongs to a 
bounded subset of 

L p (o, T; S A , p , 2 (fi)) n IT^ 1 (0, T; L 9 (fi)) n (o, T; (fi)) , 



and, consequently, the solutions belong to a bounded subset of P\. P . q ( 0, T; Sa, p ,2 (O) ; £ g (O) 

and L°° (q,T;W\ (O) 

To apply Theorem 2 (Corollary 1) it remains to show that / is a weakly 
compact (continuous) mapping from Pi (Qt) = Pi,p,q (o,T;S , a, p ,2 (^) \L q (SI)) D 



L°° y},T;Wi, into L q (Qt)- To this end, it is enough to use the following 

expressions: 

(4.1) \u\ p - 2 u \Wu\ 2 = {\u\ lp Vu) • (\u\ (1 - l)p - 2 u Vu) , 

(4.2) 

« l v »l a = p ( p + iHi- g ) A (H P »)- p ( fl , + i)(i- fl) H (1 "' )PA 

because of 

\u\ p Au = —J-y A (|u| p u) - p M"~ 2 u |Vu| 2 , 
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where 7 is a number from condition 4) if p > 1, and 9 is such a number that 
i<#<lif0< j o<2. Particularly, if 9 = | it is sufficient to use the expression: 



u\ p 2 u IVitl 2 = 



A(\u\ p u)--\u\% V- (m^Vu) 



2 <> 



then |u| 3 Am € £ 2^+2) (Q) and |w| 3 G L 21P+2) (Q). 



p+4 



Thus, according to the embedding theorems mentioned above, the solution 
u (t, x) G Pi, Po ,q ^0, T; S A ,a,p (0) ; i g (H)^ and u (t, x) G L p ^0, T\Sx, au p l (ft)^j 



conditions: 1) a\ = (p — 1) q, P 1 = 2q, p = p + 2, q = p' = 2) a = p, P 
p = p + 2, q = q; 3) a = s/3, p > 1, p = (s + 1) p, q = p, 1 < S < ^=1; or 4) 



if the parameters ol\ > 0, P, Pi,p,Po,Pi > 1, ot > P — 1 satisfy one of the following 

p+2 
P+l 

< S < V 

a = 7/ o/3, /3 = i < 7 < 1, p = p + 2, go = 5. 

Therefore, if a sequence {u m } C Pi, p , q ^0, T; -5a,p,2 (O) ; L g (O)^ converges 

weakly to u G Pi, P)9 ^0, T; S A , P ,2 (fi) ; L q (O) J in Pi, p , g ^0, T; 5 A)P ,2 (A) ; L 9 (fi) 

then, according to the compactness theorem from Section 3, one of the factors in 
(|4.ip and in the second term of (|4. 2[) converges weakly and the another one con- 
verges strongly in the corresponding spaces. This implies that f (u m ) — A f (u) in 
L q (Q) 

Hence, all conditions of Corollary Q] are fulfilled. Applying it to the considered 
problem (|l.ll) - (|1.3p we obtain the statement of Theorem [T] 

Remark 4. The solvability theorem such as Theorem]]] for the problem (!■!]) - 

(1.3]) , but with u (0, x) — uq (x) for Uq G Sa,p,2 (fi) is also valid and can be proved 
as in [19] (or [18] ). 

Remark 5. The problem (1.1]) - i TOj) can also be considered with the term 
b(t, x, u) instead of bo | w| /J '~ l ~ . In this case, it is enough to assume holding of 
the following conditions: The function b (t, x, u) is the Caratheodory function on 
Q x R 1 , there exist functions bo (t,x) ,b\ (t,x) > and number p > such that 
min {0, § — 1} < P < P and 

\b(t,x,u)\ < b (t,x) \uf +1 +61 (t,x) , 

where 

boeL°°(Q), & 1 e£ 2 (o > T;W^(fi)J j/ M >|-l; 
beL°° (0,T;W^°° (fi) jC 1 (R 1 )) and 

\Dib(t,x,u)\ < bo (t, x) \u\ p+1 + bi (t, x) , i = l,n, 
\k(t,x,0\ < b 2 {t,x)\^ + b 3 (t,x), 

b , b 2 G L°° (Q) ,b x eL 2 (Q) , b 3 EL 2 (o, T; W\ (Sl)j , 
q = p' = and p = p + 2 if /x< § - 1. 
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5. On a Behavior of the Solutions of Problem (jl.l|) - (ll.3|) 



In this section we investigate the behavior of solutions for different \x > 0: 
min {0, % — l} < p < p and u (0, x) = uo (x), and in the case p = p. 

o 

Theorem 6. Let min {0, § - 1} < p < p, u € W£ (O) , h 6 L°° (R\\L q (fi)) 
and (t) < Co- Then, the solution of the problem li.i|) -> ("Oj) wif/i £/ie initial 

condition u (0, a;) = uo (x) satisfies the inequality 

'c+c 2 \\h\\u (Lq) y 



(5.1) 



II" toll 



L 2 (Q) 



< 



Ci 



i.e. t/ie solution of the problem (1. 1\) - HT73\) remains bounded as t oo, where 



Cj = Cj [ p,p,,b ,Co,\\u \\ a ,mes fl 
\ w l 

Proof. Consider the functional 
*(t) = $(«(«)) = ± 



\u{t)\ 2 dx^ l -\\u{t)\\ 2 



L 2 (f2) 



If u (t) is a solution of the problem (|l.ll) - (|1.3p then, the function $ (t) has the 
property 

$' (t) = («',«) = (M p Ai/-6 + fc,u) = -(p+l)(|u| p Vu,Vit>- 



(6 + (ft,«) < - (p+ 1) |u| 2 Vu 



L 2 



|(fc,«)| 



Applying the results of Section 3 we get 

2 



$'(*)< -0 + 1) |u| 2 Vu 



O + i) 



+ 2f 



-Co 



MNI 



M+2 



< 



^(H^)|| i2 +2 £ |K p + c( e ) (i + INIJ 

(M*«)||[ +C( £ )(l + ||/i||i 4 ) < 



< 



-Co \\u\\l p + C (s) (l + \\h\\l q ) < -d ||< 2 + C (s) + k (e) \\h\\l^ {Lq) 
o 

because of <Si !j0l 2 [P) C L p (O) C L 2 (O) with the corresponding inequalities. Hence 
we have 



(5.2) 



$' (t) + d($(t))* < c* + c 2 



where C = C [ p,p, 6 , Co, ||wo|| , mes , Ci = Ci Lo, /x, b , Co, ||ito|| , mes 



and$(0)=|K||i 2 . 

Then, applying the following form of Gronwall's lemma (Lemma [5]) to the 
inequality (|5.2|) , which was proved by Ghidaglia, with y (t) = $ (t), 6 = C\, r] = 
C + C 2 \\h\\ q L , I = § we obtain the inequality ([5+1) . □ 
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Lemma 5. ( \21\ ) Let y(t) be a positive absolutely continuous function on R+ 
which satisfies 

y' + 6y l <r/, I > 1, 6 > 0, r) > 0. 



Then, for t > 0, 



(5.3) 



Now, consider the following problem: 
du 

~dt 



y(t)< Q T + (6(l-i)ty^. 

Rowing problem: 

\uf Au - b (x) \u\ p+1 = 0, (t,x)eQ, 



(5.4) 



u (o, x) = u Q (x) > o, u | r = o , r = [o, t] x an, 



Let Ai be the hrst eigenvalue and v\ (x) be the corresponding eigenfunction of 
the problem 

— Av = Xv, x € fl v | qq = . 

Lemma 6. Let p,b{x) > 0, uq (x) > and fj, = p, moreover uq 6 L2 (f2), 
||&|lz,~(Q) < c , c = c(fi) > 0, n C i?" fee as a&owe. Then, if M = < Xi 

then a solution of the problem i5.3\) - [5^\ ) remains bounded as t /*■ 00 , i.e. the 
inequality of the type \5.1}) takes place also. 

PROOF. Let p, b (x) > and p = p. Then, using the previous reasoning we get 
$' (t) = (tt', u) = - (p + 1) (M p Vu, Vu) + (b (x) \u\ p+1 , < 
4 



(P + 2Y 



V { u 2 u 



Hi 



Since M < X± a solution remains bounded when t /*■ 00 as in the previous case. □ 

Remark 6. Suppose b (x) > Ai and u (t, x) > for x G 57 or on a subdomain 
!1 CC !1. Note that this case was studied under various conditions in [71 1241 1221 
. In our consideration we study the problem H5.3\) - (IT4\ ) in the following way: 
If u (t, x) > for x G n then, the equation A5.3\) can be represented as 



u~ p —-Au-b(x)u = 0, (t,x)eQ. 
at 



Hence, we have 



u p — , vi ) = (Au + b (x) u, vi) 



_ du 



-Ai (u,vi) + (b (x)u,vi) 



or 



(u- p ^, vi\ > S (u, vx) , (b (x) - Ai) > 6 > =► (1 - pY 1 ^ (u 1 '", vi) > S (u, Vi ) . 

The blow-up result can be obtained from here as in |25j ( see [7J 1241 1221 125] and 

references therein). 
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6. Appendixes 

6.1. Appendix A. Let X, Y be a locally convex vector topological spaces, 
B C Y be a Banach space and g : D (g) C X — > Y. Let's introduce the following 
subset of X 

M gB = {x G X | g (x) G B, Img n B ^ 0} . 

Definition 1. ^4 subset AA Q X is called a pn— space (i.e. pseudonormed 
space) if S is a topological space and there is a function [-] M ■ Ai — > R\ = [0, oo) 
(which is called p— norm of Ad) such that 

1 n ) [ x \m > 0, Va; G .M and x = ==>• [a;] ^ = 0; 

pn) [x x ] M ^ [x 2 ] M => Xi ^ x 2 , for x 1 ,x 2 G Ai, and [x] M = =^ x = 0; 

The following conditions are often fulfilled in the spaces A4 9 b- 
N) There exist a convex function v : R 1 — > R\_ and number K G (0, oo] 
such that [Aa;]^ < v (A) [x} M for any x G Ai and A G R x , |A| < K, moreover, 
lim = Cj, j — 0,1 where Ao = 0, Ai = K and cq — c\ — 1 or cq = 0, 

ci = oo, i.e. if K = oo then Ax G Ai for any x G Ai and A G R 1 . 

Let g : D (g) C X — > Y be such a mapping that A4 9 b ^ and the following 
conditions are fulfilled 

Gi) g : D (g) < — > Im g is a bijection and g (0) = 0; 

G2) there is a function v : R 1 — > R+ satsfying condition N such that 

lis (Aie)||b < v (A) \g (x)\ B , Vx e M gB , VA G i? 1 ; 

If the mapping g satisfies conditions Gi and G2 then A4 g B is a pn— space with 
p— norm defined in the following way: there is a one-to-one function ip : R\_ — > 
ip (0) = 0, tp, ip^ 1 G C° such that [x] M B = tp^ 1 (\\g (x)\\ B ). In this case AA 9 b is a 
metric space with a metric: d» (x\\ x 2 ) = \\g (x\) — g {x 2 )\\ B . Further, we consider 
just such type of pn— spaces. 

Definition 2. The pn— space A4 9 b is called weakly complete if g {AAgs) is 
weakly closed in B. The pn-space Ai g B is "reflexive" if each bounded weakly closed 
subset of AigB is weakly compact in A4 g B- 

It is clear that if B is a reflexive Banach space and Ai g B is a weakly complete 
pn— space, then Ai g B is "reflexive". Moreover, if B is a separable Banach space, 
then AigB is separable, also. 

6.2. Appendix B. In the beginning we consider an operator equation 

(6.1) f(x) = y, yeY, 

where / : D (/) C X — > Y is a nonlinear bounded operator, and prove a gen- 
eral solvability theorem for it. It is clear that (|6.1[) is equivalent to the following 
functional equation: 

(6-2) </(aO.I/*> = <!/>!/•>> VGy*. 

We consider the following conditions: 

1) / : A4o C D (/) — > Y is a weakly compact (weakly "continuous") mapping, 
i.e. for any weakly convergence sequence {x m }m=i c m M-Q (i- c - x m xq G 
Mo) there is a subsequence {x mk }^ =1 C {x m }™ =1 such that / (x m k ) f (x ) 
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weakly in Y (or for a general sequence if Mo not is separable space) and Mo be a 
weakly complete pn— space; 

2) there exists a mapping g : Xo C X — > Y* and a continuous function 
tp : R\ — > R 1 nondecreasing for r > To > and tp (ri) > for a number 
ri > such that it generates a "coercive" pair in a generalized sense with / on the 
topological space X\ C Xo f~l Mo, i.e. 

if(x),g(x)) > <p([x\ Mo ) [x]m , Vx £ Xi, 

where X\ is such a topological space that X\ X<) = Xo and Xi M " = Mo, and (-, •) 
is a dual form of the pair (Y, Y*), moreover, one of the following conditions (a) or 
(/?) holds: 

(a) if g = L is a linear continuous operator, then X\ is a "reflexive" space (see 
[S3, S4]), Xo = X\ C A^o is a separable topological vector space which is dense in 
Mo and kerL* = {0}. 

(/?) if <7 is a bounded operator (linear or nonlinear) , then Y is a reflexive sepa- 
rable space, g (X\) contains an everywhere dense linear manifold of Y* and g" 1 is 
weakly compact (weakly continuous) operator from Y* to Mo- 

Theorem 7. Let conditions 1 and 2 hold. Then the equation H6.1\) (or H6.2)) ) 
is solvable in Mo for any y £ Y satisfying the following inequality: there exists 
r > such that 

(6.3) <p([x}m )[ x }m > (y,g(x)) ■ for Vx £ X x with [x] M >r. 

PROOF. Assume that the conditions 1 and 2 (a) are fulfilled and y £ Y such 
that (|6.3|) holds. We are going to use Galerkin's approximation method. Let 
{ xk }T-i ^ e a complete system in the (separable) space X\ = Xq- Then, we are 

m 

looking for approximate solutions in the form x m — X) c mkX k , where c m k are un- 

k=i 

known coefficients, that might be determined from the system of algebraic equations 

(6.4) <P k (c m ):=(f(x m ),g(x k ))-(y,g(x k ))=0, fc = l,2,...,m 

With C m = (Crnl,C m 2, Omm) ■ 

We observe that the mapping <I> (c m ) := ($i (c m ) , $2 (c m ) , & m ( c m)) is con- 
tinuous by virtue of condition 1. (|6.4I) implies the existence of such r = r(||y||y)>0 
that the " acute angle" condition is fulfilled for all x m with. [*^m]_Ayj ^ f '1 for cLiiy 
Cm £ S^" (0) C R m , n > r the inequality 



($& (c m ) , c mfc ) = ( / (x m ) ,s ^ 



E 

fc=i \ \fc=i 





(/ (x m ),g(x m )) - (y,g(x m )) > 0, Vc m £ M m , ||c m || Rm = n. 

holds. The solvability of system (|6.4|) for each m = 1,2,... follows from a well- 
known lemma on the "acute angle" ( |10L [6l I18j ). which is equivalent to the 
Brouwer's fixed-point theorem. Thus, the sequence {x m \ m > 1} of the approx- 
imate solutions, that is contained in a bounded subset of the space Mo- Further 
arguments are analogous to those from [10), 119] therefore we omit them. It remains 
to pass to the limit in (|6.4p by m and use a weak convergency of a subsequence of 
the sequence {x m \ m > 1}, the weak compactness of the mapping /, and finally, 
the completeness of the system {a; fe }^ 1 in the space X\. 
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Hence, we get the limit element xo = w — lim x m £ .Mo that is a solution of 

j/»oa 

the equation 

(6.5) (f(x ),g{x)) = (y,g{x)), Mx e X , 
or 

(6.6) (g* o f (x ) , x) = (g* o y, x) , Vi e lo- 
in the second case, i.e. when the conditions 1 and 2 (/3) are fulfilled and y E Y 

such that (|6.3p holds, the approximate solutions suppose to be looked for in the 
form 

(6.7) x m = cT 1 (^fy mk ylj = g- 1 (j/* m) ) , i.e. x m = g^ 1 (y* m) ) 

where {yl}^ =1 C Y* is a complete system in the (separable) space F* and belongs 
to g (Xi ) . The unknown coefficients c mk , might be determined from the system of 
algebraic equations 

(6.8) $k(cm):=(f(xm),y*k)-{y,y* k ) = 0, k = l,2,...,m 

with c m = (c m i,c m 2, ...,c mm ). Taking this and our conditions into account we get 

(6.9) (/ (x m ),y* k ) - (y,y* k ) = (/ (V 1 (y ( * m) )) ,y* k ) - (y,y* k ) = 0, 

for k — 1, 2, m. 

As it was observed above the mapping 

$ (Cm) := ($1 (Cm) , $2 (c m ) , $ m (Cm)) 

is continuous by virtue of the conditions 1 and 2(/3). Also, (l€>.3[) implies the exis- 
tence of such r > that the "acute angle" condition is fulfilled for all j/?, with 

y*m)\\ — ^ ' ^- e - ^ or any c ™ e ^rf" (0) c — ^the inequality 



^2 (®k (cm) , c mk j = ( f (x m ) , ^2c mk y* k \ - / y, ^c mk y* k \ = 

k=l \ fe=l / \ fc=l / 

[f (g^ 1 (y* m ))) >y*m)) - (y>y*m)) = (/M.fk)) - (y,g(x m )) > o, 
Vc m eM m ,||c m || Rm =f x . 
holds by virtue of our conditions. Consequently, the solvability of system 
(or (|6.9l0 for each m = 1,2,... follows from the "acute angle" lemma as above. 
Thus, we obtained a sequence |y* m ) | m > l| of the approximate solutions, that 
is contained in a bounded subset of Y*. This implies an existence of a subse- 
quence |y* m .)| that convergences weakly in Y* . Consequently, the sequence 

= {jl 1 (y* m ■))}■ converges weakly in the space A4q by vertue of 

the condition 2(/3) (may be after passing to the subsequence). It remains to pass 
to the limit in (|6.9[) by j and use a weak convergency of the subsequence of the 

sequence |y* m ) | m> lj, the weak compactness of mappings / and g^ 1 , and the 

completeness of the system {^j^in the space Y*. 
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Hence, we get a limit element xq = w — lim x m . = w — lim g^ 1 ( yf ) 6 Mo 
that is the solution of the equation 

(6.10) (f(x ),y*) = (y,y*), My* G Y*. 

Q.e.d. □ 

Remark 7. It is obvious, that if there exists a function ip : R\_ — > R^_, 
ip G C° such that ip (£) = £; = and i/ie inequality ip (\\xi — X2\\ x ) < 

||/ (xi) — f (x2)\\ Y * s fulfilled for all x\,x^ € Ma, then a solution of the equa- 
tion H6.2\) is unique. 

COROLLARY 6. Assume that the conditions of Theorem 7 are fulfilled and there 
is a continuous function (p 1 : R\_ — > R\ such that \\g {x)\\ Y * < </?i ([^]a^ ) f or an V 
x G Xq and tp (r) /* +oo and ^T^y f" +oo as r /• +oo. Then, the equation h6.S\) 
is solvable in Mo for any y G Y . 

6.3. Appendix C. Now, we are ready to provide the proof of Theorem [5] 
Let {x k } k=1 be a complete system in the (separable) space X and {8 s (i)}^ 
be a complete system in the (separable) space L p (0, T) , then {9 s (t) x k } is a 
complete system in the separable space L p (0, T; Xo). 

Proof of the Theorem [2j We are going to use the method of elliptic reg- 
ularization (see, for example, P-0J3) ■ Namely, first we prove the solvability of the 
following auxiliary elliptic problem with a small parameter e > 0. 

(6.H) -e^ + ^ + f(t,x £ (t))=y(t), 

dx 

(6.12) z e (0)=0, -£\t=T=0, e>0. 

A solution of the problem (|6.1ip - (|6.12p would be understood as an element 
x e (t) G Pi, P ,g (0, T; Mo, Y) that satisfies the following functional equation 

o o 



(6.13) / (f(t,x s (t)),y*)dt = J (y,y*)dt 

o o 
for any y* G W\ (0, T; Y*) n {y* (t) | y* (0) - 0}. 

Lemma 7. Under the conditions of Theorem^ the equation i6.13\) is solvable 
in the space Pi, P , q (0, T; Mo, Y) /or any y £ G where G is defined in Theorem^ 



A see, also, Soltanov K. N., Sprekels J. - Nonlinear equations in nonreflexive Banach spaces 
and fully nonlinear equations, Advances in Mathematical Sciences and Applications, 1999, v. 9, 
no. 2, 939-972. 
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The statement of this lemma follows from Theorem [7] of Appendix B (see, also 
[18), 120] ). Indeed, the mapping generated by the considered problem (|6. 1 1|) - (|6. 12|) is 

weakly compact from Pi, M (Q,T;M ,Y) into [w\ (0,T;F*) n {y* (t) y* (0) = 0} 

by virtue of condition (ii) and because of first two terms are linear bounded oper- 
ators. Moreover, inequalities 



\dt' ~~dt 



dt 



dx £ 



dt- 



{f(t,x e (t)),Lx e )dt- / (y,Lx £ )dt>eC 



dx P 



dt 



L p (Mo\ 



iL p (Mo) 



ci \\y\ 



L q (Y) i^lL^Mo) 



+ 

L„(0,T;Y) 

(1 + £)C 2 > 



(6.14) 



7? 



L p (0,T;M ) 



L q (0,T;Y) 



lL p (0,T;M o ) 



are fulfilled for any x £ G Wp (0, T; X ) D {x £ (t) \ x £ (0) = } .It is also clear that for 
a sufficiently large p— norm of x £ (t) there is a subset of L q (0, T; V) such that the last 
expression in (|6.14j) is greater than zero under the conditions of Theorem [21 These 
and conditions in and iv show that the other conditions of the above mentioned 
result are fulfilled and, consequently, the equation (|6.13[) is solvabile (see also [20 ). 
Thus, for each y 6 L q (0,T;Y) there is a function x e G Pi, P , q (0, T; Aio, Y) that 



satisfies the equation (|6~T3)) for any Vy* G W%, (0, T; Y*) i.e. 

T 



/ dx e 
\~~d7 



dt 



dt- 



dx £ 
~dT 



,y*)dt+ 



(6.15) 



+ / (f(t, x £ (t)),y*) dt = / (y, y*) dt, Vy* EW ql (0, T; F*) 



The equality (|6.15[) can be rewritten in the form 



I dx t 

1 \dt' dt 
o 



dt 



dx £ 
~~dt 



f(t,x e (t)),y*)dt 



where y 



dt 



f(t, x £ (t)) belongs to L q (0, T; Y) because of y G £ 9 (0, T; F) and 



f(t,x £ (t)) e L q (0,T;Y) for any x e G P ltPiq (0,T;M ,Y). Hence, according 



to our conditions, for each fixed e > 0, and boundedness of the right part of (|6.14[) 

,2 7 

we obtain ^Sf- G L g (0, T; V) and consequently, the boundary condition ^ 
is defined properly. Thus, the function x £ (t) is a solution of the equation 

T T 



t=T 



d l x £ 

dt 2 



■,y 



<a i- / (^r. i/*W/ + 
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(6.16) 



+ / {f(t, x £ (t)),y*) dt = / (y, y*) dt, Vy* e L ql (0, T; F*) 



On the other hand, considering this equation for any y* G W J, (0, T;F*) and 
comparing it with (|6.15[) we obtain | t= T = (by using argumentations similar 
to those from jTUll6]). 

Hence, we proved that the problem (|6.11|) - (|6.12[) is solvable in the space Pi,p, q (0, T; Mo, Y) 



o ' 

| t=T = } for each fixed e > 0. 
Now, it is necessary to pass to the limit at e \ 0. To this end, we need the 

dx e 



nw 2 q , (0,T;F)n {x e (t) 



uniformly on e estimation of =jjr*-. 

Further, we consider the equation 



dt 2 



(x £ ,Lx k )6 s (t)dt 



dt 



(x s ,Lx k )6 s (t)dt 



3.17) 



(y (t) - f(t, x e (t)),Lx k ) 9 s (t) dt = / (f (t, x E (t)) 7 Lx k ) 9 s (t) dt 



where {9 s (t) a ;fc }^° fc _ 1 is a complete system in Wp (0, T; X ) , and consequently, 
is a solution of the problem 



dx £ 
dt 



(6.18) 



dt 2 



(6.19) 



(IT 

as e (0) = 0, ^| i=T =0, 



as a; e (t) belongs to a bounded subset of L p (0, T; Mo) and /o(t, x e (t)) belongs to a 
bounded subset of L q (0,T;Y) at e \ 0, consequently /o e G L g (0,T) and belongs 
to a bounded subset of this space at e \ and under the conditions of y (t). 
The solution of the problem (|6.18|) - (|6.19[) satisfies 



dx £ (t) 
dt 



T-t 



foe (T 



exp 



T-t 



dr. 



Applying the generalized Minkowski's inequality and taking into account that - f exp { — -} dr 

o 



1 we get 



dt \\L q (0,T;Y) 



< C < oo for some positive C that is undependent on e. 



Thus, for each y(t) £ L q (0,T;Y) the function x s (t) belongs to a bounded subset 
of the space Px lP , q (0,T; Mo,Y) uniformly on e. The " reflexivity" of Mo and the 

reflexivity of Y allow us to pass to the limit for e \ in all terms of the (|6.17j) 
except for the first one. Therefore, it remains to estimate just the first term of 
(16TT71) . We have 



d 2 :, 



dt 2 " 



dt 



< e 



dx e dy* 
~dT 1 ~~dt 



dt < 
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dx e 




dy* 




dt 


L q (0,T;Y) 


dt 


L„(0,T;Y« 



for any y* e W} (0,T;Y*) n {y* (t) \ y* (0) =0}. Taking into account the estima- 
te C < oo for v > 1, that is valid by virtue of the a priori 



tion e 



I dx F 



dt \\L q (0,T;Y) 

estimations, we get 



d 2 x E 



dt 



< e 



C 



dy* 



dt 



L q ,{0,T;Y*) 



This means that the first term of (|6.17p vanishes when e \ 0. Thus, considering 
the equation (|6.17[) for any (ei p (0, T\ X ) , passing to the limit at e \ and 
taking into account that kerL* = {0} complete the proof of Theorem [2] 
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